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Abstract 
The performance of a two-dimensional, axisymmetric channel with porous inserts attached to the walls is analyzed 
from the perspective of the first and second laws of thermodynamics. In this analysis, the flow is assumed to be fully 
developed with a constant heat flux imposed on the external surfaces of the walls, while heat could be internally 
generated by the fluid and solid phases. Using a Darcy-Brinkman model of momentum transport along with a two-
equation thermal energy model, a convective model was developed to describe the thermal boundary conditions on 
the porous-fluid interface. The so-called Model A was employed on the walls of the channel and semi-analytical 
solutions were developed for the hydrodynamic, temperature, entropy generation fields and the Nusselt number, and 
an extensive parametric study was subsequently, conducted. The results indicated that the inclusion of exothermicity 
leads to significant modifications in the thermal and entropic behaviour of the system. In particular, through 
comparison with the recent literature, it was demonstrated that exothermicity can significantly impact the influence 
of the porous-fluid interface model upon the generation of both the local and total entropy within the system. 
Keywords: Entropy generation; Local thermal non-equilibrium; Porous media; Exothermicity, Partially-filled 
conduits. 
Nomenclature   
sf
a
 
interfacial area per unit volume of porous 
media, 1m  s
T  
temperature of the solid phase of the porous 
medium, K  
Bi  Biot number 
w
T  lower wall temperature, K  
int
Bi  interface Biot number 1fU  
dimensionless velocity of the fluid in the clear 
region  
Br  Brinkman number 2fU  
dimensionless velocity of the fluid in the porous 
medium 
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p
c  specific heat at constant pressure, -1 -1J Kg K   
m
U  dimensionless mean velocity of the fluid  
Da  Darcy defined in Eq. (13) 1fu  
velocity of the fluid in the porous medium, 
-1m s  
h  one half of the channel height, m  2fu  velocity of the fluid in the clear region, 
-1m s  
c
h  one half of the thickness of the clear section, 
m  m
u  mean velocity of the fluid, 
-1m s  
sf
h  fluid-to-solid heat transfer coefficient, 
-2 -1W m K   f
w  
dimensionless energy source in fluid phase per 
unit volume, 
-3W m  
k  ratio of effective solid thermal conductivity 
to that of fluid s
w  
dimensionless energy source in solid phase per 
unit volume, 
-3W m  
ef
k  
effective thermal conductivity of the fluid 
 fk , 
-1 -1W m K   X  dimensionless axial distance 
es
k  
effective thermal conductivity of the solid 
  1 sk , -1 -1W m K   
x  axial distance, m  
1f
N   dimensionless local entropy generation rate 
within the clear fluid region  
Y  dimensionless vertical distance 
2f
N   dimensionless local entropy generation rate 
within the fluid phase of the porous medium c
Y  
dimensionless one half of the thickness of the 
clear section 
s
N   dimensionless local entropy generation rate 
within the solid phase of the porous medium 
y  vertical distance, m  
t
N  dimensionless total entropy generation rate 
within the medium 
Greek symbols  
Nu  Nusselt number   porosity 
Pe  Peclet number   
ratio of the heat flux at porous-fluid interface to 
that of channel’s wall 
1f
S   local entropy generation rate within the clear 
fluid region, 
-3 -1W m K   

 
permeability, 2m  
2f
S   local entropy generation rate within the fluid 
phase of the porous medium, 
-3 -1W m K   
f

 fluid viscosity, 
-1 -1Kg m s   
s
S   
local entropy generation rate within the solid 
phase of the porous medium, 
-3 -1W m K   
eff

 
effective viscosity of porous medium, 
-1 -1Kg m s   
f
s  energy source in fluid phase per unit 
volume, 
-3W m  
  dimensionless temperature 
s
s  energy source in solid phase per unit 
volume, -3W m  
1f
  dimensionless temperature of the fluid within 
clear region 
T  temperature, K  2f  
dimensionless temperature of the fluid phase of 
the porous medium 
1f
T  
temperature of the fluid within clear region, 
K  
,f m
  dimensionless mean temperature of the fluid 
2f
T  
temperature of the fluid phase of the porous 
medium, K  
s
  dimensionless temperature of the solid phase of 
the porous medium 
,f m
T  mean temperature of fluid, K    fluid density, 
-3Kg m  
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1. Introduction 
Traditionally, improvement in the performance of thermal systems has focused primarily on the heat transfer aspects 
[1]. Although this approach is fundamentally sound, it does not account for the degradation of the energy within the 
system. The key thermodynamic parameter determining the level of energy degradation is the entropy, which can be 
used to indicate the level of irreversibility within the system [2]. Calculation of the entropy generation rate requires a 
knowledge of the temperature and flow fields and therefore typically builds upon the heat transfer analysis [3,4]. 
Entropy generation has been investigated in a number of different types of thermal systems [3–8]. Nevertheless, 
second law analyses of complex media, such as porous materials are still in the development phase. Currently, there 
exists a large volume of literature on the heat transfer analysis in porous media [9–11], and a large portion of this 
work is based on the concept of local thermal equilibrium (LTE). Even though the LTE assumption results in a 
reasonably good approximation for many applications, there are groups of problems in which LTE may be either 
inappropriate or inadequate [9,10]. For example, systems with low internal Biot number or those with very different 
fluid and solid conductivities feature strong non-equilibrium behaviour. Under such circumstances, the more general 
approach of local thermal non-equilibrium (LTNE) may be preferable. Yet, this approach continues to be challenged 
by the unresolved issues associated with the definition of the proper thermal boundary conditions at the interface of 
the porous material [12–14]. Recent studies have indicated that LTNE predictions of the thermal behaviour for a 
given system is significantly dependent upon these assumed boundary conditions [15–17]. 
Over the last decade, partially-filled porous conduits have attracted considerable attention mainly due to the 
hydraulic superiority when compared with fully-filled channels [17-19]. The assumption of LTE has been used 
extensively to analyze heat transfer processes in the partially-filled systems [11]. Recently, LTNE analyses of these 
systems have also appeared in the literature. Forooghi et al. [18] conducted a numerical study on a channel, partially 
filled with a porous insert attached to the walls of the duct. In this investigation, the hydrodynamic field and the 
Nusselt number were calculated and indicated that the change in Nusselt number with porous thickness is not 
monotonic [18]. Yang and Vafai [15] considered a channel with a central porous insert and analysed the effects of 
thermal dispersion and the inertia parameter on the temperature fields and heat transfer enhancement. The results 
demonstrated that when the condition of temperature gradient equality at the porous interface is not imposed, the 
heat flux can bifurcate [15]. In a separate work, Yang and Vafai [19] investigated the validity of LTNE in a partially 
filled conduit under five different interface models to understand the influence of each of these models. Further 
theoretical investigations were conducted by Xu et al. on a parallel-plate channel [20] and a pipe, partially filled 
with porous media attached to the inner walls of each geometry [21]. Analytical expressions were developed for the 
velocity and temperature fields through solution of the hydrodynamic equations in the clear and porous regions and 
the two-equation energy model [20,21]. Following the work of Ochoa-Tapia and Whitaker [22], Xu et al. [20,21] 
considered the convective boundary conditions at the porous material-fluid interface. The temperature distributions 
were calculated under varying thermo-physical parameters and showed that Nusselt number decreases if the channel 
is fully filled with the porous media [20,21]. Recently, Karimi et al. [23] conducted an analytical study on a channel 
with a central porous insert, in which both phases included internal heat sources. These authors [23] applied Models 
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A and B [15,19] to the porous-fluid interface and found the temperature distributions in the solid and fluid phases. In 
keeping with the earlier findings of Refs. [16,17,24], Karimi et al. demonstrated that the choice of porous-fluid 
interface model could significantly impact the thermal behaviour of the system [23]. 
The generation of entropy in porous media has been investigated by a number of individuals. Hooman and Ejlali 
[25] numerically solved the Darcy-Brinkman model and the one-equation energy model for a fully filled porous pipe 
under developing conditions. The rate of entropy generation and Bejan number were calculated [25]. In a follow on 
study, the effects of viscous dissipation on the temperature field and entropy generation in a fully filled channel were 
investigated by Hooman and Haji Sheikh [26], who conducted an extensive numerical study and showed that under 
isothermal wall heating, viscous dissipation reduces the Nusselt number in the developing and fully developed 
regions [26]. In an attempt to provide optimization guides for the fully-filled porous channels, Hooman et al. [27] 
analytically solved the Darcy-Brinkman model and the LTE energy equation. Three different boundary conditions 
on the external surface of the channel were considered, and expressions for the Nusselt number, Bejan number and 
rates of entropy generation were developed. This analysis was later extended to developing flow by considering 
simple Darcian flow with the LTE condition, under constant temperature boundary conditions [28]. Mahmud and 
Fraser [29] considered constant, but dissimilar wall temperatures and conducted analytical and numerical studies on 
the heat transfer and entropy generation characteristics of a fully-filled channel [29]. This investigation was later 
extended to the case of unsteady flow by Kamish [30]. Further, unsteady heat transfer, fluid flow and entropy 
generation through a metal foam was investigated analytically by Mahmud et al. [31]. In this study, the governing 
equations were linearized and analytical expressions were derived for the Nusselt number and entropy generation 
rate [31]. In a separate work, Mahmud and Fraser [32] calculated the rate of entropy generation during the natural 
convection of heat in a porous cavity under magneto-hydrodynamic effects. 
Entropy generation in unsteady flows in porous media has also been investigated by Tasnim et al. [33] using both 
theoretical and experimental approaches. In the theoretical investigation, Morosuk [34] demonstrated that the 
maximum rate of entropy generation in a partially-filled channel occurs at the porous-fluid interface. Entropy 
generation minimization was used as a design criterion in porous heaters by Shakouhmand et al. [35], who 
calculated the optimal porosity for a fully-filled porous conduit and showed that the optimum matrix porosity 
increases with Reynolds number [35]. More recently, Mahdavi et al. [36] conducted a numerical study on partially-
filled conduits and calculated the flow field, Nusselt number and entropy generation rates. The results highlighted 
the effects of porous insert placement and demonstrated that thermal conductivity ratio can dominate the level of 
heat transfer enhancement [36]. 
In all of the aforementioned studies the calculation of the entropy generation assumed LTE. Under LTNE, 
conditions entropy generation is due not only to the viscous dissipation and internal and external heat transfer, these 
internal heat exchanges introduce an important mechanism of irreversibility. Given this, it is surprising that there are 
currently only a very limited number of LTNE studies on the entropy generation in porous systems. In a recent 
work, Buonomo et al. [38] studied porous filled micro channels with LTNE conditions. The hydrodynamic and 
thermal processes between two parallel plates filled with a porous medium were investigated [38]. This investigation 
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provided analytical expressions for the velocity and temperature fields, as well as the local and total entropy 
generation rates [38]. 
Somewhat later, Torabi et al. [39] considered a horizontal channel partially-filled with porous media under LTNE 
conditions and analyzed both the heat transfer and the entropy generation. The investigation considered asymmetric 
boundary conditions for the channel and incorporated the viscous dissipation term into the energy equations [39]. 
More importantly, these authors reported a bifurcation phenomenon for the local entropy generation rate [39]. Most 
recently, Torabi et al. [39] conducted heat transfer and entropy generation analyses in a channel partially-filled with 
porous media using Model A at the porous-fluid interface [40]. This model assumes that the temperatures for both 
the fluid and solid phases at the porous-fluid interface are equal [40]. The results [39] reported various thermal and 
thermodynamic characteristics of the system and investigated the effects of the employed porous-fluid interface 
boundary conditions. Yet, given the significance of the porous-fluid interface model on the thermal behaviour of 
partially-filled systems [23], the sensitivity of the results [39] on the changes in the porous-fluid interface model was 
not clear. 
The review of the literature reveals the following: 
 The porous-fluid thermal interface model is an essential factor in the determination of the thermal 
characteristics of the partially-filled system. However, there is currently no generally applicable thermal 
porous-fluid interface model [16,17,23]. As a result, a given system is often analyzed with different 
interface models in order to develop a more complete picture of the system behavior [16,17,23,24]. 
 Minimization of the entropy generation presents a methodology by which the thermal system can be 
optimized. The accuracy of this method is directly dependent upon the precise evaluation of all of the 
irreversibilities present within the system. 
 Non-equilibrium internal heat transfer is an important irreversibility in porous media. However, so far, the 
problem of entropy generation under LTNE has received little attention. 
These results clearly, indicate the need for further studies on the fundamentals of LTNE heat transfer and the second 
law analysis of partially-filled systems. The current work is focused on addressing this issue through an analytical 
study. Figure 1 illustrates a schematic view of the problem under investigation. Fluid moves into a channel, in which 
porous inserts are attached to the inner walls. A constant heat-flux boundary condition is imposed on the walls of the 
channel. The height of the channel is 2h  and the core, with the thickness 2 ch , is clear. Due to the symmetry of the 
configuration only half of the channel is considered.  
2. Theoretical methods 
2.1. Governing equations and assumptions 
The proceeding analyses are on the basis of the following assumptions. The porous medium is homogenous, 
isotropic and fluid saturated and, the flow is steady, laminar and incompressible. Thermally and hydrodynamically 
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fully developed conditions hold in both clear and porous regions of the channel. Natural convection, radiative heat 
transfer and thermal dispersion effects are ignored. Physical properties of the solid matrix and the fluid such as 
porosity, specific heat, density and thermal conductivity are invariants. Further, heat is generated or consumed 
uniformly and steadily throughout the fluid and solid phases. However, viscous dissipation is neglected in energy 
equations, both for the clear and porous sections. It should be noted that the constant heat sources in the solid and 
fluid phases of the porous media may represent various physical and chemical processes. These include, dissipation 
of electrical energy, absorption or radiation of infrared, gamma and beta waves and also nuclear and chemical 
reactions [23,40–45].  
Given these assumptions, the governing equations for the transport of momentum and heat are simplified to the 
followings. Momentum equations in the clear and porous regions can be, respectively, written as 
2
1
2
0 0ff c
up
y h
x y


    
 
, (1a) 
2
2
22
0f feff f c
up
u h y h
x y




     
 
. (1b) 
Equation (1b) is the Darcy-Brinkman model of momentum transport in porous media [11]. Considering LTNE the 
transport of thermal energy in the fluid and solid phases are written as  
2
1 1
1 2
0f fp f f f c
T T
c u k s y h
x y

 
   
 
, (2a) 
 
2
2 2
2 22
f f
p f ef sf sf s f f c
T T
c u k h a T T s h y h
x y

 
     
 
, (2b) 
 
2
22
0 ses sf sf s f s c
T
k h a T T s h y h
y

     

, (2c) 
The boundary conditions for the momentum and energy equations are given by, 
1 10 : 0, 0f f
u T
y
y y
 
  
 
, (3a) 
 
1 2 1 2
1 2 int
1 2 1
: , , ,
,
sf f f f
c f f f eff f ef es
s
f f es sf s f
Tu u T T
y h u u q k k k
y y y y y
T
T T k h T T
y
 
   
     
    

  

, (3b) 
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2
2 2: 0, ,
sf
f f s w w ef es
TT
y h u T T T q k k
y y

     
 
. (3c) 
The boundary conditions expressed by Eqs. (3b) set a convective thermal model of porous-fluid interface and were 
used previously by Xu et al. [20,21]. It is essential to note that these boundary conditions are different to those of 
Refs. [16,17,24], which are on the basis of the phenomenological interface models of Yang and Vafai [15]. Here, 
Model A of Yang and Vafai [15] is used to specify the thermal boundary condition on the solid-porous interface at 
the inner walls of the channel. Equation (3b) is amongst the central parts of the current analysis and differentiates it 
from the previous analyses [39]. 
In order to convert the set of partial differential equations (2a) and (2b) to ordinary differential equations, i.e, 
obtaining a constant value for differentiation of fluid’s temperature versus horizontal direction, a special 
mathematical manipulation is needed. By an integration over Eq. (2a), and taking into account the boundary 
conditions at the centreline of the channel and the interface of the clear section and the porous medium, the 
following formulation is achieved: 
int
2
1 1
1 2
0 0 0
d d d
c c ch h h
f f
p f f f
q
T T
c u y k y s y
x y

 
 
    . (4) 
This procedure is repeated to achieve the derivation of fluid’s temperature versus horizontal direction in Eq. (2b), by 
adding Eqs. (2b) and (2c) and integrating from the interface and the upper wall of the channel, the following is 
given: 
 
int
22
2 2
2 2 2
d d d d
c c c c
w
h h h h
sf f
p f ef es f s
h h h h
q q
TT T
c u y k y k y s s y
x y y


 
   
      . (5) 
Noting that in fully developed flow under constant wall heat flux 
2 1
constant
f fT T
x x
 
 
 
, and taking into account 
both Eqs. (4) and (5), the left hand side of Eqs. (2a) and (2b) turns to 
01 2
d d
c
h h
w f s
hf f
p p
m
q s y s y
T T
c c
x x hu
 
 
 
 
 
 
, 
(6) 
in which, 
1 2
0
1
d d
c
c
h h
m f f
h
u u y u y
h
 
  
   . (7) 
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Substituting Eq. (6) into Eqs. (2a) and (2b), results in the following energy equations for the fluid flow in the clear 
and porous regions, 
2
0 1
1 2
d d
0c
h h
w f s
h f
f f f c
m
q s y s y
T
u k s y h
hu y
 

   

 
, 
(8a) 
 
2
0 2
2 22
d d
c
h h
w f s
h f
f ef sf sf s f f c
m
q s y s y
T
u k h a T T s h y h
hu y
 

     

 
. 
(8b) 
The Nusselt number at the wall of the channel is, often, written as [20,21,46,47] 
 1, ,
4 w
f f w f m
h q
Nu
k T T



. (9) 
where 
, 1 1 2 2
0
1
d d
c
c
h h
f m f f f f
h
m
T u T y u T y
hu
 
  
  
. (10) 
Under LTE conditions, Eqs. (2b) and (2c) can be combined to form a single energy equation for the porous region. 
The energy equation for the clear fluid flow and the LTE energy equation for the porous region can be written as  
2
1 1
1 2
0f fp f f f c
T T
c u k s y h
x y

 
   
 
, (11a) 
 
2
2 2
2 2
f f
p f ef es f s c
T T
c u k k s s h y h
x y

 
     
 
. (11b) 
LTE assumption in Eq. (11b) requires equality of temperatures in solid and fluid phases inside the porous 
medium 𝑇𝑓2 = 𝑇𝑠. Hence, the LTE thermal boundary conditions reduce to the followings. 
10 : 0f
T
y
y

 

, (12a) 
 1 2int 1 2: ,
f f
c f ef es f f
T T
y h q k k k T T
y y
 
    
 
, (12b) 
  22: ,
f
f w w ef es
T
y h T T q k k
y

   

. (12c) 
2.2. Normalisation 
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The pertinent parameters can be combined to form a number of dimensionless groups: 
    2
int
2
int
2
1
, , , , , , ,
, , , , , , ,
es w ses sf sf sf
r w ef f es es
p rc s ef wf r f
c f s
w ef w w w w
k T T kk h a h h hu y x
U k Bi Bi Y X
u q h k k k k h h
c u hh q s h k Tu s h
Y Da Br Pe w w B
h q h k q q q q hh





 
       
       
 (13) 
where 
2
r
f
h p
u
x

 

. The dimensionless groups are then substituted into the momentum Eqs. (1a) and (1b), energy 
Eqs. (2c), (8a) and (8b), and boundary Eqs. (3). Momentum Eqs. (1a) and (1b) are now expressed by 
2
1
2
1 0 0f c
U
Y Y
Y

   

, (14a) 
2
2 2
2
1
1 0 1f f c
U U
Y Y
DaY

    

. (14b) 
The dimensionless form of energy Eqs. (2a, b and c) are  
2
1 1
2
1
0f f f c
m
AU
w Y Y
U k Y



   

, (15a) 
 
2
2 2
22
1
1f f s f f c
m
AU
Bi w Y Y
U k Y

 

     

, (15b) 
 
2
22
0 1s s f s cBi w Y Y
Y

 

     

. (15c) 
Further, the hydrodynamic and thermal boundary conditions can be reduced to the following, 
1 10 : 0, 0f f
U
Y
Y Y
 
  
 
, (16a) 
 1 2 1 21 2 1 2 int 1
1 1 1
: , , , ,s sf f f fc f f f f s f
U U
Y Y U U Bi
Y Y k Y k Y Y Y
  
    
 
    
        
     
, (16b) 
2
2 2
1
1: 0, 1 , 0sff f sY U
k Y Y

 

     
 
, (16c) 
where 
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1 1
0
1 d d
c
f s
Y
A w Y w Y    , (17a) 
1
1 2
0
d d
c
c
Y
m f f
Y
U U Y U Y   . (17b) 
To decouple Eqs. (15b) and (15c), these are first differentiated twice. After some algebraic manipulation, the 
decoupled form of the energy equations can be written as 
2 4 2 2
2 2 2 2
2 4 2 2
1 1
1f f f f ff s
m m
U AU wA
Bi w w
U k U kY Y Y Y
      
        
     
, (18a) 
 
4 2 2
2
4 2 2
0 1s s sf f s
m
wkAU
Bi k kw kw
UY Y Y
    
            
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Using Eqs. (15b) and (15c) and the respective first derivatives, the following boundary conditions can be  derived. 
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Based upon the dimensionless parameters, the Nusselt number can be expressed as 
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Assuming the LTE condition and using the dimensionless parameters given by Eq. (13), the dimensionless one-
equation energy model can be expressed as, 
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The thermal boundary conditions for the LTE model are slightly different than those developed earlier for the LTNE 
model. The boundary conditions for this case can be expressed as follows. 
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2.3. Entropy generation 
In the current investigation, the heat transfer over a finite temperature difference and viscous dissipation of the flow 
kinetic energy both contribute to the irreversibility of the system. The detailed derivations of these equations are 
given in Refs. [38,42,48].  
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where the parameter w es
w
T k
B
q h
 . It is worth mentioning that, assuming a reference temperature for the denominators 
of Eqs. (24a, b and c) considerably decreases the mathematical complexity of the problem. This approach has been 
utilized in previous investigations [49]. Nevertheless, to enhance the accuracy of the predicted local and total 
entropy generation rates, the local temperature was used in these equations [50,51]. The dimensionless total entropy 
generation rate for the channel can be obtained by integrating the dimensionless form of the relations expressing the 
volumetric local entropy generation, over the height of the channel, which yields 
 
1
1 2
0
d d
c
c
Y
t f f s
Y
N N Y N N Y      . (25) 
2.4. Velocity and temperature fields 
The momentum and energy equations derived earlier in this section can now be solved analytically revealing the 
velocity and temperature fields in the porous and clear regions. The solutions for Eqs. (14a) and (14b) yields the 
velocity field [39].  
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Solution of the differential energy equations, Eqs. (18a) and (18b), provide the general solution for the temperature distributions within the porous regions. Further, solving 
Eq. (15a) renders the temperature field in the clear region. These temperature fields can be described as 
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where the parameters 
1 10D D  are calculated numerically using mathematical software, i.e. Maple. The accuracy 
of the solution procedure has been demonstrated in previous investigations [38,50]. Solution of the LTE energy 
equation is straightforward and is, therefore, not presented here. 
3. Results and discussion 
An extensive parametric study was conducted, with particular attention given to the exploration of the effects of 
internal heat generation on the temperature fields, Nusselt number and entropy generation. To this end, three 
different combinations of solid and fluid thermal source terms were considered. These include first:
10, 10f s   , second: 10, 0f s    and third: 0, 10f s   . The equality of the solid and fluid 
thermal source terms, in case 1, sets a reference case in which heat is uniformly generated within the porous 
medium. The other two cases are representative of practical engineering problems in which heat is generated in the 
fluid or solid. Examples for the former can be readily found in chemical reactors while electronics cooling and 
nuclear reactors are the classical examples of the latter [23,40–45]. It should be noted that in the figures the solid 
lines refer to the properties of the solid phase and the dashed lines correspond to the fluid phase. For validation of 
the resulting analytical expressions, it should be note that although not shown here, in the limit of large Biot number 
the LTNE results approach those of LTE. This is to be expected physically and therefore further supports the 
validity of the solution procedure. Second, Appendix A shows that in the limit of fully filled channel the LTE 
solutions of section 2.4 coincide with those of Ref. [45]. 
3.1. Heat transfer 
Figure 2 illustrates the temperature distributions in the solid and fluid phases for a given set of parameters and 
different values of the thermal conductivity ratio and internal heat generation. Figures 2a and 2b demonstrate that 
there exists two different routes for swapping the relative hot and cold phases in the porous region. First, variations 
in the thermal conductivity ratio may lead to the swap of the hot and cold phases. This is illustrated in Fig. 2a which 
for a low value of the thermal conductivity ratio, the solid phase has the higher dimensionless temperature. 
However, increasing the value of the thermal conductivity ratio changes this and the fluid phase becomes relatively 
hotter. The second route for changing the relative hot and cold phases, is at constant thermal conductivity ratio. In 
Fig. 2a and for the lowest values of k, the solid temperature is always greater than that of the fluid. However, by 
modifying the internal heat generation in Fig. 2b this trend is reversed in the majority of the porous insert. This 
behaviour is a direct consequence of the convective thermal boundary condition and was not observed under other 
types of porous-fluid interface models [23]. As a result of swapping the hot and cold phases, the direction of internal 
heat exchange in the porous medium changes. This is regarded as a bifurcation phenomenon and has been 
previously observed in other configurations [38]. Figure 2 also shows that occurrence of bifurcation is strongly 
affected by the internal heat sources. As a result, for the case of an exothermic solid phase and no heat generation in 
the fluid phase (Fig. 2c) the bifurcation does not occur. 
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Figures 3a-c illustrate the influence of the thermal boundary conditions at the porous-fluid interfaces upon the 
temperature fields. In these figures, the Biot number (Bi) at the interface varies by two orders of magnitude, while 
the Bi inside the porous insert remains constant. Different combinations of fluid and solid internal heat sources are 
considered in Figs. 3a-c. These figures clearly indicate that, in general, increasing the interface Bi results in an 
increase in the dimensionless temperatures of the fluid phase. Inversely, increasing the interface Bi decreases the 
dimensionless solid temperature. Alternatively, for the cases shown in Figs. 3a-c the temperature difference between 
the two phases becomes more appreciable as the value of the interface Bi decreases. Further, the internal heat 
sources appear to have a strong effect upon the behavior of the temperature fields. In Figs. 3a and b the occurrence 
of bifurcation in the temperature fields is evident, while when the heat source is applied to the solid phase only, 
there is no bifurcation (Fig. 3c). 
Figure 4 illustrates the fluid and solid temperature profiles under varying Biot number and internal heat generation. 
It is important to note that this Bi is different from the interface Bi , as the heat convection on the interface is 
distinctive to that inside the porous material. Interestingly, in Fig. 4 for a Bi of order 0.1 and 1 the temperature fields 
remain almost the same. This is the case for all considered combinations of internal heat sources in Figs. 4a-c. 
However, further increasing of the Bi to 10 causes a considerable drop in the dimensionless temperature and 
signifies the temperature difference between the wall and the porous medium. It is further noted that in Fig. 4a, and 
under similar strengths of the internal heat sources the differences between the dimensionless fluid and solid 
temperatures is independent of the Bi. Nonetheless, introduction of the exothermic fluid and solid phase in Figs. 4b 
and c signifies the temperature difference within the porous medium. This is particularly the case at low and 
intermediate values of Bi. This behaviour appears to be a peculiarity of the exothermic systems and is not usually 
observed in the systems without internal heat sources [20,21]. 
Figure 5 illustrates the effects of thickness of the clear section on the temperature fields. Generally, lowering the 
thicknesses of the clear section results in higher dimensionless temperatures. However, the extent of temperature 
variations and the differences between the solid and fluid temperatures are largely dependent upon the internal heat 
sources. Figure 5a shows the variation of the dimensionless temperatures with changes in the thickness of the clear 
section. These variations appear to be of a lesser extent in Figs. 5b and 5c. Figure 5b shows that for the exothermic 
fluid, the temperature difference between the solid and fluid is dependent upon the channel configuration. This is 
such that by widening the gap between the two porous inserts, the solid and fluid dimensionless temperature 
difference declines. It is also important to note that in keeping with the earlier observations, the case with an 
exothermic solid (Fig. 5c) does not result in a temperature bifurcation for any value of porous thickness. In Figs. 6a-
c values of the internal heat sources have been varied and the resultant temperature fields were calculated. These 
figures include the case with no internal heat generation as well as two different levels of exothermicity. They 
confirm that under the selected parameters and for no internal heat source, the solid and fluid temperatures are 
relatively close to each other and LTE is an acceptable approximation. However, introduction of exothermicity 
causes noticeable differences between the solid and fluid dimensionless temperatures. 
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Figures 2-6 demonstrated that, for a given set of parameters, the centre of the channel usually features the largest 
temperature difference with the wall of the channel. Figure 7 shows the influence of different parameters upon the 
centercentre line temperature. As sown in Fig. 7a, upon increasing the thickness of the clear region, the centercentre 
line dimensionless temperature first decreases and then reaches a minimum. Further increases in the thickness of the 
clear region results in a monotonic increase of this temperature. Figure 7b shows that for relatively low and 
intermediate values of the Darcy number variation of the centercentre line temperature with the thickness of the 
clear section, results in an initial drop. This is then followed by a minimum point and a subsequent rise. This pattern 
changes at higher values of the Darcy number and is replaced by a monotonic increase in the dimensionless 
temperature. Figure 7c, however, indicates that porosity has a more uniform effect and the centercentre line 
temperature always features the same qualitative trend for all values of porosity. 
Figure 8 depicts the effects of the thermal conductivity ratio on the LTE and LTNE predictions of the Nusselt 
number. Here, it is apparent that, in general, the LTE solution tends to overestimate the Nusselt number. This is 
particularly true for the case of lower values of the thickness of the clear section. As expected, increasing the clear 
section thickness results in the behaviour of the channel becoming increasingly similar to that of a clear channel. As 
a result, increasing the thickness of the clear section results in the LTE and LTNE Nusselt numbers approaching 
each other. Further, the LTE Nusselt number appears to increase with increasing the thermal conductivity ratio. 
However, this is not generally the case for the LTNE prediction of Nu. Depending upon the value of 
cY , the LTNE 
Nusselt number may either correlate directly or inversely with the thermal conductivity ratio. Consequently, a 
comparison between the Nu with provided interface condition in the present investigation and the previously 
published article [39] has been given in Fig. 9. It is clearly seen that the interface boundary condition has influential 
impact on the Nu value of the walls’ channel, which is from different values of the temperature across the channel 
compared to the previous interface model [39]. The influence of the Darcy number on the Nu are illustrated  in Fig. 
10. As shown, higher Darcy numbers generally result in higher Nusselt numbers. Nevertheless, there are important 
exceptions. For instance, while for low values of 𝑌𝑐 the Nusselt numbers at 𝐷𝑎 = 10
−4, are smaller than those 
calculated at 𝐷𝑎 = 10−3 this trend is reversed at 𝑌𝑐 ≅ 0.5. Figure 10b provides information on the behaviour of Nu 
versus the thickness of the clear section. Starting from a small clear gap and increasing the thickness of the clear 
section results in a drop in the Nu to  a minimum. Further increases in the clear section the Nusselt number results in 
increases for all values of the thermal conductivity ratio. The rate of this increase is dependent on k and generally 
increases with increasing values of k. It should also be noted that for low values of 𝑌𝑐 the Nusselt number 
corresponding to the lowest value of the thermal conductivity ratio, takes a considerably larger value. Finally, it is 
clear from Fig. 10c that increasing the porosity yields higher Nusselt numbers. 
3.2. Local and total generation of entropy 
Recently, it has been shown that the arrangement of partially-filled channels can significantly affect the local 
entropy generation [38]. To better understand this phenomenon, Figs. 11a-c show the changes of the dimensionless 
local generation of the entropy across the channel for varying thicknesses of the clear region and specify the entropy 
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generation rates. As shown in Fig. 11a, for the case of equal exothermicity in the fluid and solid phases, the entropy 
generation in the clear fluid greatly exceeds that in the solid and fluid phases in the porous medium. This figure also 
indicates that a slight increase in the thickness of the clear section results in a major reduction in the entropy 
generation. The difference between the entropy generation in the clear and porous regions diminishes and results in 
a more uniform rate of entropy generation across the channel. This can be attributed to the smaller fluid velocity 
gradients in the channel with larger clear sections, which leads to less significant viscous dissipation and entropy 
generation. Limiting the exothermicity to one of the two phases illustrated in Figs. 11b and 11c, while keeping all 
other parameters constant, results in a substantial decrease in the entropy generation. This is particularly true for the 
case in shown in Fig. 11c, in which the heat generation is exclusive to the solid phase. The strong dependency of 
irreversibility on the internal heat generation serves to emphasize the importance of this parameter on the second law 
analysis of porous systems. 
Figure 12 represents the impact of the thermal conductivity ratio on the local entropy generation. Two different 
values of the thermal conductivity ratio for the fixed channel configuration and three combinations of the internal 
heat sources were considered. As shown, decreasing the thermal conductivity ratio reduces the value of the rate of 
the local entropy generation, and as shown  in Figs. 12a-c this is consistent with earlier observations of the effect of 
thermal conductivity ratio on the temperature distributions (Fig. 2). Decreasing the thermal conductivity ratio 
decreases the temperature differences within the system, which in turn reduces the internal heat exchange between 
the different components. Consequently, the local entropy generation rate is reduced. Figure 13 illustrates the 
calculated entropy generation profiles for the two different values of the Darcy number. As expected, a lower Darcy 
number results in a higher level of entropy generation in both the fluid and solid phases. This is due in part, to the 
fact that the lower permeability associated with a smaller Darcy number, intensifies the viscous dissipation rate. It 
also modifies the temperature fields and Nusselt number, which can further increase the rate of entropy generation. 
Similar to the observations made in Fig. 12, the entropy generation in Fig. 13, is heavily dependent upon the internal 
heat sources in the channel. 
Figures 14a-c illustrate the influence of the thermal conductivity ratio, the Peclet number and the internal heat 
generation on the total entropy generation of the system. These figures clearly illustrate the substantial effect of the 
channel configuration, on the total entropy generation within the system. This influence is so strong that increasing 
the gap between the two porous inserts, can decrease the total entropy generation by several orders of magnitude. 
Interestingly, variations in the total entropy generation for a given thickness of the clear section, is very strong for 
0.5cY  . However, for values of the thickness of the clear section that are higher than this limit, there is essentially 
no correlation between the thickness and the total entropy generation. This is an important observation, which 
clearly reflects the advantage of only partially filling the channel, in comparison with fully-filled porous conduits. 
Figure 14a shows that k=1 results in the minimization of the total entropy generation. It further indicates that for 
narrow gaps between the two porous inserts, the rise of thermal conductivity ratio greatly increases the total entropy 
generation. Similarly, in Fig. 14b, decreasing the Peclet number can significantly intensity the total generation of 
entropy. Finally, Fig. 14c shows that by increasing the exothermicity in the fluid and solid phases, the total entropy 
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generation increases rapidly. This is such that for a nearly filled channel, a relatively small increase in the 
exothermicity can double the total entropy generation. Figure 15 provides an insight intoon the effect of the Bi on 
the total entropy generation rate using different values offor the interface Biot number. As illustrated, increasing the 
interface Biot number decreases the total entropy generation rate. This occurs asbecause increasing the interface Bi, 
decreases the temperature difference between the fluid and solid phases, which ultimately decreases the heat transfer 
between these two phases.. That,This in turn, decreases the total entropy generation rate. For the parameter values 
examined in the current study, increasing the Biot number may increase or decrease the total entropy generation rate, 
aswhich can be clearly seen for Bi=5. This is an interesting behaviour, which can lead scholars to the design of 
superiora better systems from the second law perspective., This would be bythrough choosing a suitable porous 
material and flow condition, to finally avoid the maximum entropy generation rate in the channel. 
Finally, it is very helpful to examine the main differences between the current results and those of Ref. [39]. In this 
reference, a similar configuration to that shown in Fig. 1 was analyzed. However, unlike the current investigation, 
Model A [15,19] was employed to describe the thermal boundary condition of the porous-fluid interface. Some 
significant disparities between the current results and those of Ref. [39] are clearly visible in the temperature fields. 
Consideration of Model A in [39] enforced the equality of solid and fluid temperature on the porous-fluid interface. 
Yet, the convective interface model, used in the current investigation, does not require the equality of the 
temperatures on this interface. As a result, there could be significant temperature differences between the fluid and 
solid phases on the interface of the porous insert (see Figs. 2-6). Importantly, modifying the Biot number (Fig. 4) 
and the exothermicity of the system (Fig. 6) can highly intensify these temperature differences. This implies a 
stronger deviation from the local thermal equilibrium compared to the predictions of Model A [39]. In addition to 
the direct influence of the temperature fields upon the Nusselt number (see Eq. (9)), temperature differences within 
the porous insert, constitutes a major source of irreversibility [38]. It follows that the introduction of a temperature 
difference on the porous interface by the virtue of utilising the convective interface model can lead to strengthening 
of entropy generation in the system. This is an essential consequence of altering the porous-fluid thermal interface 
model, which becomes further significant in systems with exothermicity. Nonetheless, it is important to note that 
due to the dependency of entropy generation to a large number of parameters and its inherent complexity, this 
statement should be generalised most cautiously. As discussed earlier, there is, currently, no generally preferred 
porous-fluid interface model [15,19] and the choice of interface model remains problem dependent [16,17,24]. 
Previous studies [16,17,23,24] have demonstrated the influences of different interface models on the heat transfer 
characteristics of partially-filled conduits with a central porous inert. Amongst other findings, the current work and 
that presented in Ref. [39] extended the earlier findings to the conduits, in which porous inserts are attached to the 
wall (Fig. 1). Most importantly, for the first time, these works demonstrated the effects of variations in porous-fluid 
interface models on the entropic behaviour of these systems. 
4. Conclusions 
Forced convection heat transfer, as well as the local and total generation of entropy in a two-dimensional channel, 
partially filled with porous materials and subject to constant heat flux, were analyzed theoretically. The two-
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equation model of thermal energy transport, on the basis of LTNE, was utilized. A convective model was used as the 
thermal boundary condition on the porous-fluid interface and Model A [15,19] expressed the solid-porous thermal 
boundary condition. Semi-analytical expressions were, then, derived for the temperature and velocity fields, the 
Nusselt number and the total and local entropy generations in the channel. The results showed that the utilization of 
the convective thermal boundary condition on the porous-fluid interface could significantly modify the behaviour of 
the temperature fields. It was argued that this has substantial influence on the irreversibility of the system and that 
the local and total entropy generation within the system are strong functions of the employed porous-fluid interface 
model. Addition of the internal heat sources, further introduced a variety of trends in the thermal behaviour of the 
system, as such different routes to the bifurcation of the temperature were observed. It was also shown that the 
validity of LTE assumption for the problem under investigation is limited to only a very specific set of parameters. 
Under most conditions, encountered in this study, the temperature difference between the fluid and solid phases was 
considerable. In keeping with the previous investigations, it was shown that the thickness of the porous inserts in the 
channel dominates the entropy generation. The level of exothermicity and the thermal conductivity ratio were also 
observed to have strong effects upon the generation of entropy in the channel. Finally, it was demonstrated that 
exothermicity in the solid and fluid phases has different effects upon the entropy generation and simultaneous heat 
generation, in both the solid and fluid can substantially increase the rate of entropy generation. 
The findings of this paper clarified the influence of porous-fluid thermal boundary conditions and internal heat 
generation on the thermal behaviour of partially-filled systems. They further complemented those of the previous 
work [39] and clearly showed the influence of the variations in the porous-fluid interface model upon the thermal 
and entropic behaviour of the system under investigation. The results can be also used for the validation of 
numerical simulations and other theoretical studies. 
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Appendix A 
A direct comparison of the current work with a similar theoretical or numerical investigation, available in the open 
literature, is not possible. This is due to the fact that, to the best of our knowledge, the problem under investigation 
has not been previously tackled. Nonetheless, the LTE solution can be validated against the earlier work of Chen et 
al. [45]. In conducting such comparison, it should be emphasised that due to differences in the definitions of 
parameters in the current work and Ref. [45], a large value of k should be selected to approach 
1
1
k
 
 
 
 in Eq. 
((22b) towards unity. Further, we set 0cY   and 1  . The relation between the remaining parameters in our study 
and those in Ref. [45] would be as follows. 
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2 1 , f sS w w
Da
   . (A.1) 
By choosing any combination of 
fw and sw  that results in 1   and varying Da , Fig. 4b of Chen et al. [45] is 
reproduced. Figure A.1. shows that the temperature files calculated by the current work coincides on that by Ref. 
[45]. 
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Fig. 1. Configuration of the channel partially filled with a porous material. 
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Fig. 2. Dimensionless temperature distribution for different values for the thermal conductivity ratio, 310Da -=  
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Fig. 3. Dimensionless temperature distribution for different values of interface Biot numbers 
 
 
 
 
 
( )c
28 
(a)
 
(b)
 
 
Fig. 4. Dimensionless temperature distribution for different values of Biot numbers 
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Fig. 5. Dimensionless temperature distribution for different values of the clear section thickness. 
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Fig. 6. Dimensionless temperature distribution for different values of the energy source terms 
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Fig. 7. Dimensionless temperature on the centreline of the channel versus the clear section thickness for varying, (a) 
thermal conductivity ratio, (b) Darcy number (c) porosity.  
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Fig. 8. Nusselt number versus the clear section thickness for both LTNE (solid line) and LTE (dash line) models. 
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Fig. 9. Nusselt number versus the clear section thickness for different values of thermal conductivity ratios; A 
comparison between the present analysis (solid lines) and provided calculations in Ref. [39] (dash lines). 
 
 
 
 
 
 
 
34 
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(b)
 
 
Fig. 10. Nusselt number versus the clear section thickness for different (a) Darcy, (b) thermal conductivity ratio, 
(c) porosities.  
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Fig. 11. Local entropy generation rate for 0.5cY   and 0.6cY  . 
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Fig. 12. Local entropy generation rate for two different thermal conductivity ratios.  
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Fig. 13. Local entropy generation rate for two different Darcy numbers.  
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Fig. 14. Total entropy generation rate versus the clear section thickness for different (a) thermal conductivity ratio, 
(b) Peclet number, (c) energy sources.  
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Fig. 15. Total entropy generation rate versus Biot number with different values for interface Biot number. 
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Fig. A.1. Comparison between temperature distribution using LTE model in the present study (solid line) and Chen 
et al. [45] (circle). 
